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Using the Wald's relation between the Noether charge of diffeomorphisms and the entropy for 
a generic spacetime possessing a bifurcation surface, we introduce a method to obtain a family of 
higher order derivatives effective actions from the entropy of black holes. We consider the entropy 
as the starting point and we analyze the procedure of derivation of the action functional. We 
specialize to a particular class of theories which simplifies the calculations, f(R) theories. We apply 
the procedure to loop quantum gravity and to a general class of log-corrected entropy formulas. 
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I. INTRODUCTION 

There is a deep connection between thermodynamics 
and general relativity. Since the remarkable discovery 
that black holes posses entropy, this connection between 
Einstein general relativity and thermodynamics has been 
slowly unveiled by the work of few researchers [2 Q El [E| . 
A relation between the second law of black holes and 
the diffeomorphisms charge for a generic diff- invariant 
Lagrangian was found by Wald in m. Assuming as a 
starting point holography, Jacobson [5j found that the 
Einstein equations have a thermodynamical origin. Re- 
cently more work has been put forth by Padmanabhan 
B and during the drawing up of this draft by Verlinde 
j6), followed by Smolin [7]. In this paper we study a for- 
malism to read back from a generic black hole ent ropy 
an effective (higher order) Lagrangian theory [8] [9] [10], 
as emphasized in the following cartoon, 
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where the derivative Ve n ^(.) in the argument acts on any 
field ip or the Riemann tensor in all possible ways. We 
are applying contrariwise the procedure in literature: we 
start from the entropy and we obtain the effective bulk 
action. However this procedure is only applicable if the 
theory we are considering can admits black holes. This 
relation is supported by Padmanabhan papers [3| where 
it is explicitly shown a relation between the bulk and the 
surface terms of the Lagrangian, 
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and that the surface term in the action has a direct ther- 
modynamical meaning as the horizon black hole entropy. 
Surprisingly, this relation is true also for a U(l) gauge 
theory, the bulk Maxwell theory can be derived from a 
boundary term [4] . However the surface term has no nat- 
ural interpretation since the original bulk action does not 
have second derivatives. 



The structure of the paper is as follows. In section 
2 we review the relation between Wald's entropy and 
a generic diff- invariant Lagrangian and we recall the 
general idea and derive the relation between modified 
black hole entropies and the f(R) actions and derive the 
Einstein-Hilbert lagrangian. In section 3 we introduce a 
relation between the black hole event horizon area and 
the scalar curvature based on scaling grounds evaluated 
on the bifurcation surface; such relation is suggested 
by loop quantum black holes [11]. We use such scaling 
argument to find a family of possible Lagrangians 
which are Planck-scale log-corrected higher-order fp(R) 
theories. The free parameter f3 represents the scaling 
exponent between the curvature and the area of the 
black hole in our ansatz. In section 4 conclusions follow. 



II. BLACK HOLE ENTROPY AND f(R) 
THEORIES 



Let consider a general Lagrangian of the following 
form, 

L = L(/0, V a ^, gab, Rabcd, V( ei . . • V en )Rabcd), (1) 

which in principle may contain matter fields, the Rie- 
mann tensor and the symmetric derivatives of R a bcd from 
one to order n. In what follows we represent all possi- 
ble fields in the Lagrangian functional with \. A generic 
variation of (pQ) is of the form: 
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where "•" represents the tensorial contraction, E = 
are the equations of motion, a is the associated Noether 
current which is conserved on shell (as can be seen from 
(|SJ)). In the case of diffeomorphisms the variation of fields 
is the Lie derivative, I n this case we can replace 

the Noether current with 



(3) 



which is still conserved on shell. A direct calculation 
shows that 

5L = Y abcd (-2V a (V c 5g bd ))e+---, 
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where Y abcd = dL/dR a b c d and e is the volume form. Here 
and in the following the ellipses hide terms which do not 
contribute. From this expression we can calculate the 
associated Noether charge: 

Q(0 = -Y abcd V£ d e ab + ■■■. 

We can now replace Q with its density, V c £d with e a 5 and 
tab — ££ab where the hat is to specify it is the binormal to 
the surface. Then, the identity proved by Wald between 
this Noether charge and the entropy is: 



Sbh = -2tt^ Q(0 = -2nj>Y ahcd 
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All this machinery becomes much more interesting when 
we restrict to the case in which £ is a Killing vector for the 
fields (such that J2^x = 0) an d we choose a hypersurface 
which is a bifurcation surface, where the timelike Killing 
vector field vanishes. For static/stationary black holes 
event horizon this is the case. Using such a procedure 
Wald proved the first law of black holes mechanics while 
here we focus on the relation between the entropy and 
the Noether charge of diffeomorphisms for a diff-invariant 
Lagrangian. A generalization of (j4]) for a generic diff- 
invariant Lagrangian, in units of surface gravity, is: 

» n 

Sbh = -2tt / d 2 xVh V V {ei ...V em) Z^--^ abcd e ah e cd , 
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For the details of the derivation we address to the original 
papers by Wald et al. [l| and [9|. The metric h a b is the 
one induced on the horizon T~L, e a 5 is the bi- normal to 
cW. Let us now consider a spherically symmetric metric 
of the form , 



ds 2 = g tt (r)dt 2 + g rr (r)dr 2 + q(r)dZl<® , 



(6) 



where we suppose it has a bifurcation surface. Then we 
can write the entropy in the generic form , 



Sbh = -x s(A), 



(7) 



where s(A) is a general function of the event horizon area. 
In order to simplify the discussion and show clearly the 
main step of the procedure, we consider the Lagrangian 
to be an f(R) theory [T^ El, 

c =id^ m > (8) 

where R is the trace of the Ricci tensor. If we use the 
black hole entropy formula (j5j) found using Wald's theo- 
rem, we find: 
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where the prime means derivation with respect to the 
Ricci scalar. For a spherically symmetric black hole while 
of the form given in ((6]) we have g tr — g rt = and 
g tt g rr = const. = — fc, the surface gravity and we can 
identify ([7]) with (JHj) and then obtain the Lagrangian 



s{A(R))dR. 
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If s(A) 1, the missing step in the procedure is the re- 
lation between the Ricci scalar evaluated on the horizon 
and the event horizon area. Given such a relation we can 
obtain the first derivative of the f(R) Lagrangian and we 
get an /(i?) -theory modulo a cosmological constant term. 
Let us notice that there is a nontrivial step in the pro- 
cedure: the Lagrangian is a functional, while the Area- 
Entropy relation is a relationship between functions. At 
a first sight ([TO]) could be simply stated as wrong because 
of this inconsistency. However, the curvature is constant 
over the bifurcation surface, thus the relation collapses on 
an ordinary integral and not a functional integration, as 
it should be if the entropy ([9]) would not have been evalu- 
ated on the bifurcation surface. Moreover, it might seem 
that the argument is valid only for spherically symmet- 
ric spacetimes. However, a careful thought will convince 
that this relation between (|9]) and ((SJ) is independent from 
the particular spacetime. The use of a spherically sym- 
metric spacetimes is thus just a mere simplification in 
the derivation. The true missing step in this procedure 
is the relation A(R) between the area and the curvature 
on the bifurcation surface. However we want to keep the 
discussion general and assume this relation as given. We 
would like to discuss here the case of general relativity. 
The entropy for a Schwartzschild black hole in general 
relativity is, in units where the Boltzmann constant and 
the Planck length are both equal to one, Sbh = A/ '4, 
as it is well known. The correction function is s (A) = 1 
and integrating (flQ|) for k = 1 (independently from the 
relation between the area and the Ricci curvature) we 
find 



f(R) = R + const. , 



(11) 



which is the Einstein-Hilbert Lagrangian with cosmolog- 
ical constant. It should be stressed that in this case the 
procedure does not need any further information but the 
area-entropy relationship. Moreover it is important that 
the Area-Entropy relationship is of the form ([7]). The 
cosmological constant is an integration constant of the 
procedure. In the more general case of a quantum grav- 
ity corrected entropy, the requirement for s (A) = s (A, l p ) 



is: 



lim s(A. L) 



1 



(12) 



in order to have the correct classical limit. 

Let us briefly discuss the physical input in this set of as- 
sumptions and how the action can be considered effective, 
that means that while it must considered phenomenolog- 
ical, it is neglecting something. In order to understand 
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FIG. 1: Black hole spin- network. The picture on the left 
represents the spin-network graph outside the black hole and 
the punctures on the event horizon. The pictures on the right 
represents also the spin-network inside the black hole horizon. 
In particular the space inside the horizon is characterized by 
a single node and the entropy by the intertuner space dimen- 
sionality. 



this, let us recall the main steps of Jacobson's deriva- 
tion of the Einstein equations and the extension to f(R)- 
gravity theories. We follow step by step [l3j |. Consider a 
free falling observer (particle) in space time located at a 
point p. To the point p we can attach a local quasi-fiat 
set of coordinates using the equivalence principle. Lo- 
cally, due to the approximate Poincare symmetry, there 
is a Rindler horizons J(? which is also the causal barrier 
for the particle. Due to the passage of the particle, to the 
Rindler horizon J$? there is also an associated time-like 
Killing vector past-directed and a heat flow. The varia- 
tion of the heat is given by 8Q = — ksT a i ) K a K b dsdA, 
where s is the affine parameter associated to the trajec- 
tory of the particle, K a the generators of the Rindler 
horizon, dA is the element of area associated to the hori- 
zon and k is the surface gravity. Also, there is a tem- 
perature associated to the horizon which is the Unruh 
temperature, and thus an entropy. Jacobson now as- 
sumes that there a proportionality relation between the 
element of area and the element of entropy, through a 
constant, 77, which is unkown, SS = r]5A. Using the Ray- 
chaudhury equation, then the element of area 5 A is given 
by 5 A = j^0(s)dsdA^ where 6{s) is the geodesic devi- 
ation (note: the shear is assumed zero). Now let make 
an ansatzQ for the parameter 77:77 = r](g,Rabcdi VRabcd)- 
Remarkably, using the Wald-Iyer procedure [13) , it can 
be now shown that for f(R) gravity we have: 



S = 
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(13) 



and then can be integrated exactly as Jacobson did for 
the Einstein-Hilbert case. Thus, the physical input is the 
following: gravity is associated to the a shear-free (here 
is the effectiveness) fluid and the (modified) local degrees 
of freedom associated to the gravitons are encoded into 
the effective Newton constant G e ff. In our recipy this is 
the meaning to give to the scaling relation between the 
area of the horizon and the Ricci scalar. 



III. LQG BLACK HOLE ENTROPY 

String theory and Loop Quantum Gravity are two 
approaches to quantum gravity able to obtain the 
Bekenstein-Hawking entropy of a black hole [l4j[l5|. It 
is a generic feature of black hole entropy derived from 
quantum gravity theories to contain a logarithmic cor- 
rection to the Bekenstein-Hawking entropy. LQG is one 
of these theories and in the following we focus on this the- 
ory. It is interesting that in some cases [18| the effective 
action calculated from loop quantum cosmology has a 
logarithmic correction to the Einstein-Hilbert action. In 
LQG the black hole entropy is given by the logarithm of 
the number of microstates compatible with a fixed event 
horizon area (macrostate). Here we rederive the LQG 
entropy result in a a posteriori simplified way. In LQG 
the number of microstates on the horizon of a black hole 
is given by the dimension of the intertwiner space hidden 
beyond the event horizon. According to the area opera- 
tor of LQG, the area spectrum of the horizon is given by 
the punctures crossing the horizon in a j p representation 
of SU(2), and reads 



(14) 



while the number of microstate is instead given by the 
tensor product N = dimlnv[' 
using an integral formula, 



pHjp], and can be defined 



N = 



dO sin 2 (<9)f] 



sm((2j p + 1)0) 
sin(<9) 



(15) 



The entropy is defined, given the number of macrostates 
N, Sbh = log N. However, in order to obtain the entropy 
we need to solve (fl4|) and ([15]) together. We should invert 
(JHj) for n, insert the result in ([T5j) and take the logarithm. 
However it is clear that such relation cannot be solved 
analytically. We can simplify the problem by taking all 
the representations across the event horizon to be equal. 
In this case it is very simple to invert ([H]) for n and 
obtain n = Aj [Sirlpjy^ j(j + 1)]. The dimension of the 
Hilbert space for equal representations j\ = 21 — • • • jn = 
j simplifies to, 

N = — [ dO sin 2 (<9) [sin((2j + 1)0)/ sin(<9)] n . 
n Jo 

It is empirically known that the j = 1/2 case dominates 
the entropy. In this case we can explicitly evaluate the 
integral (fT5]h obtaining the result 



Sbh log 
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where n can be expressed in terms of the area eigenvalue 
using ([T4]) with j = 1/2. This analytic formula will turn 
out to be useful. Using the property T(z)T(l — z) = 
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7r/ sin(7rz) and the Stirling's approximation log(T(z)) « 
1/2 log(27r) + (z — 1/2) log(z) — z, we can obtain the black 
hole entropy for a large number of punctures 



Sbh = nlog(2) - - log(ra) 



1 



log(8/7r). (17) 



When we replace the number of punctures with the area 
spectrum (for j = 1/2) we obtain 



Sbh = j ~ \ log(^) 



ilog(^) + 5log(41og2). (18) 



This has the form of a logarithmically corrected 
Bekenstein-Hawking entropy, as anticipated. Given this 
Area-Entropy relation we can try to find an f(R) func- 
tional that reproduces the given entropy as done previ- 
ously in this paper. First, we consider this procedure in a 
semiclassical limit, thus for a large number of punctures 
in JT5J). Then, the missing crucial ingredient is the rela- 
tion between the trace of the Ricci tensor (evaluated on 
the horizon) and the event horizon area. A correct ansatz 
should be a generic relation between the horizon area and 
the Ricci scalar, contractions of Ricci tensor and contrac- 
tions of Riemann tensor. However, in order to keep the 
discussion simple we choose the simplest ansatz, a scal- 
ing law relation between the area of the horizon and the 
Ricci scalar, of the form 



A(R) = 



J- 1 



R? 1 



(19) 



where a Q := Zp, c is a constant and f3 > (as we will see 
later). The ansatz ([T9]) is an exact relation for the black 
hole solution obtained in [11] with /? = 1 and we believe 
to be a natural choice based on dimensional arguments. 
Moreover it allows us to carry out the procedure until the 
end and find an action depending the parameters /3, ao, c 
and a. Given this simplification, the entropy correction 
s (A, l p ) obtained from (fT8|) using ([T9]) is 



s(A(R)) = 1 - 



6a log(,4/a ) 



j 6ag RPlogjc/RPa^) 



(20) 



Inserting (|20j) into ([TP]) , we obtain the following La- 
grangian 



f(R) = R 



6 a? 



R^ 1 



(0 + 1) log 



To obtain this result we assumed that the Ricci scalar 
is not zero on the horizon. While this assumption 
is needed in this case, it was not necessary in the 
case of the general relativity (where R = on the 
Schwarzschild horizon). The correct semiclassical limit 
was already guaranteed by ([T2]) applied to the LQG case. 

IV. GENERIC log-CORRECTED ENTROPY 

The analysis applied to LQG is of general character 
and can applied to any black hole entropy with a loga- 
rithmic correction [l6| (see [I?} for a recent discussion in 
LQG). We parametrize the entropy with two parameters 
e > 0, consistent with the Bekenstein bound, and the 
Planck length lp: 



Sbh = 7— - elog ( — ) - a. 
4a Q \a Q 



(21) 



We also restrict attention to f(R) -theories and we sup- 
pose the same proportionality relation between the event 
horizon area and Ricci scalar ([T9]) . The reduced function 
is 



(22) 



The effective action for the general entropy form is, for 

(3 ? -1, 



fp{R) = R 



4a^a/3 + a + pe) 
c(/3+l) 2 



R? +1 



(23) 



where we omitted a cosmological constant term. 

Let put q = 4<2q/c(/3+ 1) for simplicity. Then equation 
(l23l) becomes: 



MR) = R 1- qR? 



aj3 + a + j3e 
J+l 



elog 



my 



It is now possible to use the Ricci stability arguments 
to fix a and f3. Ricci stability requires f'(R) > and 



f"(R) > in order to have reliable late times cosmolo- 
gies. The second derivative can be related to the absence 
of ghosts in the quantum theory [12[. The first derivative 
is given by: 

f\R) = l-ij^+ija+gc^+i^log^-s—j. (24) 
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It is easy to see that this quantity is always positive if 
a > and < e < |(1 + |a). The second derivative is 
given by: 

f"(R)=P(f3 + l)eqRP-\ (25) 

We see the special role played by the j3 = 1 case, in 
which it is independent from the curvature and depends 
only on the q and the e parameters. This quantity is also 
always positive for positive curvature (which here we are 
forced to consider for non even /3's). We also see that 
the requirement of having a positive f3 enters here. Note 
that the current understanding is that the e parameter 
seems to be 3/2. This constrains a to be bigger than 
3/2 - e/4 « 0.82. 

V. CONCLUSIONS 

In this paper we introduced a method to recover from 
the entropy of black holes an effective action. We ob- 
tained an effective action from the black holes entropy 
in LQG and in a general class of theory which originates 
from a logarithmic correction to the entropy. The lan- 
grangians follow (apart from the case of the Hawking en- 
tropy) from the a relation between the Ricci scalar and 
event horizon area and assuming that the theory is a of 
the form f(R). This weakness however could be cured 
within each theory of quantum gravity if such relation is 
known for only a particular case. 

In the case of LQG, even though the dynamics of the 
theory is not well understood yet, this procedure gave 
independently an action that in the limit of the Planck 
length going to zero reduces to the Einstein-Hilbert one. 
Further work should be done in order to understand if 
such procedure could turn out to be useful or not. In 
general we expect to consider a more general action which 
contains also other terms, such as 

S = J d d aV^[i? + ai# 2 + a 2 R OL pR €Lf * 

+a 3 R a ^vR a ^ u + a A R^R^R^ . . . ] . (26) 



For this type of action formulas ((5]) and (O will fix the 
free parameters oti provided we know the relation be- 
tween the tensors in (|26|) evaluated on the horizon and 
the event horizon area. In particular e want to stress the 
similarity between the class of Lagrangians obtained in 
this paper and the one obtained in [18] in the context of 
the Loop Quantum Cosmology. 

The fact that each intertwiner may contain infor- 
mation on the action is intriguing. Mainly we treated 
all the intertwiners as tiny black hole with an entropy 
associated to their isolated horizons and assumed their 
entropy as the starting point to use the procedure we 
described in this paper. The idea of a quantum foam of 
black holes was first introduced by Smolin and Crane 
before the advent of LQG. In [19| it was assumed a 
distribution of black holes at the Planck scale and they 
have been used as a natural regulator. Moreover recently 
there has been a growing interest in the fractal structure 
of quantum theories of spacetime. 't Hooft in [20| argued 
with general arguments that a field close to the surface 
of a black hole experiences a dimensional reduction 
(for a recent paper on the subject see [21]). Carlip [22| 
pointed out that this seems to be a feature of several 
approaches to quantum gravity [23|[24|. Being naive, 
we are pushed to the idea of a deeper structure [25| of 
spacetime, that in the case of loop quantum gravity may 
rely on the intertwiner degree of freedom, but that in an 
ultimate theory of spacetime may be something more, 
as Jacobson and Padmanabhan have underlined. 
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